Neutron stars have long been regarded as extra-terrestrial laboratories from which we can learn about extreme energy density matter at low temperatures. In this article, I highlight some of the recent advances made in astrophysical observations and related theory. Although the focus is on the much needed information on masses and radii of several individual neutron stars, the need for additional knowledge about the many facets of neutron stars is stressed. The extent to which quark matter can be present in neutron stars is summarized with emphasis on the requirement of non-perturbative treatments. Some longstanding and new questions, answers to which will advance our current status of knowledge, are posed.
I. INTRODUCTION
Relativistic gravity is important for phenomena that occur close to the diagonal line 2GM = c 2 R in the characteristic mass M vs. characteristic distance R diagram of objects in our Universe (G is Newton's gravitational constant and c is the speed of light) [1] . Observed neutron star masses lie in the range 1-2 M , whereas their radii are about 10-15 km so that GM/c 2 R ∼ 0.1-0.3 (compare this with GM /c 2 R ∼ 10 −6 ). This happenstance has made it possible to establish the link between space-time geometry and the internal properties of matter -specifically, the relationship between the pressure and energy density which constitutes the equation of state (EOS) of compact objects -that Einstein's theory of general relativity predicts. While the entry of neutron stars in theorists minds dates back to the early 1930's [2] , their discovery had to wait till the late 1960's [3] . Since then, the confluence of theory, astronomical observations and laboratory experiments has revealed that all known forces of nature -strong, weak, electromagnetic and gravitational -play key roles in the formation, evolution, and the composition of neutron stars in which the ultimate energy density of observable cold matter resides. Research on the physics and astrophysics of neutron stars has been the forerunner in the study of extreme energy density physics, spurring investigations of relativistic heavy-ion collisions in which high energy density is investigated at temperatures much higher than those encountered in neutron stars.
In the last decade, several key astronomical observations of neutron stars have been made.
The theoretical interpretations of these observations have been pursued vigorously around the world with much insight gained into the structure and thermal evolution of neutron stars. This article highlights some of these developments, and summarizes selected open issues and challenges. The topics addressed here reflect predilections that stem from my limited involvement and are by no means exhaustive. The reader is recommended to consult comprehensive reviews, references to some of which are provided in later sections.
II. NEUTRON STAR MASSES AND RADII
The two most basic properties of a neutron star are its mass M and radius R. These physical traits govern several other observables including [4] [5] [6] 1. The binding energy B.E. of a neutron star:
Nearly 99% this B.E. is carried away by neutrinos emitted during the birth of a neutron star in the aftermath of a type-II (core collapse) supernova explosion. Currently, several detectors are in place to record these neutrinos should a supernova explosion due to core collapse occur within a detectable distance.
2. Minimum spin periods of rotation:
where M max and R max are the non-rotating maximum mass spherical configurations, and the second relation refers to a mass not too close to the maximum mass. Precisely measured periods of ∼ 2000 radio pulsars are available to date (cf. pulsar data bases). Sub-milli second pulsars (not yet discovered!) are of much interest as they represent the most compact configurations (largest M/R values) for which effects of general relativity are the largest.
3. Moment of Inertia:
Accurate pulse timing techniques are needed to measure I (through spin-orbit coupling) in extremely compact binaries [7] . Knowledge of the period P and the moment of inertia I of the same neutron star would break the degeneracy between M and R, thus allowing for a simultaneous measurement of M and R, a first of its kind in this field.
Reference [6] lists additional observables that are significantly influenced by M and R.
The quantities M, R, B.E. , I, and the surface red-shift z = (1 − 2GM/Rc 2 ) −1/2 − 1 can be calculated using the general relativistic (TOV) equations of stellar structure [8, 9] by providing the equation of state (EOS) of neutron star matter (the relationship between pressure p and energy density at every location in the star) as input. The one-to-one correspondence between the EOS and the observed M vs R curve can be used to modelindependently determine the EOS of neutron star matter [10] as will be discussed later.
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A. Neutron star masses
Pulsars in bound binary systems afford the most accurate measurements of neutron star masses. Using pulse-timing techniques [11] , the Keplerian parameters (i) the binary period P , (ii) the projection of the pulsar's semimajor axis on the line of sight a p sin i (where i is the binary inclination angle), (iii) the eccentricity e, (iv) the time, and (v) longitude of periastron ω can be precisely measured. Combining (i) and (ii) yields the the mass function:
where M = M p +M c is the total mass, M p is the pulsar mass, and M c is the companion mass (all measured in M units), and t = GM /c 3 is 4.9255 µs. The mass function f p also equals the minimum possible mass M c . Note that even if the difficult to measure inclination angle i is known, both M p and M c can be inferred only if the mass function f c of the companion is also measurable. This is possible in the rare case when the companion is itself a pulsar or a star with an observable spectrum.
Binary pulsars being compact systems, several general relativistic effects can often be observed. These include the advance of the periastron of the orbiṫ
the combined effect of variations in the tranverse Doppler shift and gravitational redshift (time dilation) around an elliptical orbit
and the orbital period decay due to the emission of gravitational radiatioṅ
2πT P 
In some fortunate cases, the Shapiro delay [12] caused by the passage of the pulsar signal through the gravitational field of its companion can be measured. This general relativistic effect produces a delay in pulse arrival time [13, 14] δ S (φ) = 2M c t ln
where φ is the true anomaly, the angular parameter defining the position of the pulsar in its orbit relative to the periastron. The arrival time δ S is a periodic function of φ with an amplitude ∆ S 2M c t ln 1 + e sin ω 1 − e sin ω
For edge-on binaries with sin i ∼ 1, or those which have both large eccentricities and large magnitudes of sin ω, the amplitude ∆ S becomes very large and measurable. For circular orbits with sin i 1, Eq. (9) reduces to [15] ∆ s 4M c t ln 2 cos i ,
highlighting the role of the companion mass M c and the inclination angle i in controlling the magnitude of ∆ S . Neutron star masses have also been inferred from measurements involving X-ray/Optical, double neutron star, white-dwarf-neutron star and main sequence-neutron star binaries,
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although not with the same accuracy characteristic of radio pulsar measurements (see [15, 16] 
−0.29 M for PSR B1957+20 both in X-ray binaries, and 2.74 ± 0.21 M for J1748-2021B in neutron star-white dwarf binaries.
B. Neutron star radii
To date, data on radii to the same level of accuracy that radio pulsar measurements on masses of neutron stars have afforded us do not exist. Precise measurements of the mass and radius of the same neutron star would be a first and an outstanding achievement in neutron star research. Such data on several individual neutron stars would pin down the EOS of neutron star mater without recourse to models. Recognizing the importance of radius measurements, significant efforts have been made that include observations of 1. isolated neutron stars and intermittently quiescent neutron stars that undergo accretion of matter from a companion star, and 2. neutron stars that exhibit type I X-ray bursts from their surfaces.
A brief account of the current status is provided below (see Ref. [16] for more details).
Isolated neutron stars
Discovered in the all-sky search of the Rosat observatory, and thereafter investigated by the Chandra, HST and XMM observatories, there are currently 7 isolated neutron stars, referred to as the "magnificent seven", from which predominantly thermal emission from the surface has been detected (see Table II ). Recent reviews, from which the data below are extracted, can be found in, e.g., [16, 19] , and references therein.
The observed flux (in all cases in X-rays, and when the star is nearby enough in optical T ∞ is inferred by spectral analysis. The spin period P of these radio-quiet stars is inferred from X-ray pulsations. Only in one case is the distance D to the star well known.
as well) is generally fit using
where σ is Boltzmann's constant,
is an effective temperature that fits the data well, and, the so-called "radiation radius" R ∞ is related to the mass M and insitu radius R of the star as indicated above . The subscript ∞ in the above relations refers to an observer situated at a far distance from the source. The distance to the star, D, is generally beset with large uncertainties unless determined through parallax and proper motion measurements (as in the case of RX J1856.5-3754 [20, 21] ). Using T ∞ , R ∞ and the surface redshift parameter z = [1 − 2GM/(c 2 R)] −1/2 − 1 as parameters in the spectral analysis, the radius and mass of the star can be determined through
Real life, however, intervenes to destroy the simplicity of the above procedure. A neutron star is not a perfect blackbody (as is implicit in the above expressions). The star' s unknown atmospheric composition, strength and structure of the magnetic field, interstellar hydrogen absorption, etc., all of which shape the observed spectra, must be accounted for. A case in point is inferences drawn from the best studied case of the nearest known isolated neutron 7 star RX J1856-3754. Depending upon the atmospheric model used, the inferred masses vary significantly, although the radii are similar (see Table III ). Non-magnetic heavy element atmospheres [22, 23] predict spectral features that are not observed. Following indications of a surface magnetic field of B S ∼ 5 × 10 12 G, magnetized and condensed surfaces have been investigated [24, 25] , but require trace elements of H with a finely tuned mass (origin unknown) to adequately fit the data. Despite much promise, reliable extractions of M and R from isolated neutron stars awaits further developments in the treatment of atmospheres, and additional data. The magnificence of the seven is yet to be realized! 
14.6 ± 1 0.22 11.9 ± 0.8 1.33 ± 0.09 Condensed magnetized surface; trace H [25] TABLE III. Inferred mass and radius of the isolated neutron star RX J1956-3754 from different models of atmospheres using data from Rosat, HST, Chandra and XMM observatories.
Quiescent neutron stars
Between episodes of intermittent accretion from a companion star, many neutron stars are known to go through long periods of quiescence. Accretion of matter induces compression of matter in the crust of a neutron star triggering pycno-nuclear reactions that release energy [26] which heats the crust. During the quiescent periods, the heated crust cools and radiates detectable X-rays [27] . Due to the lack of evidence for significant magnetic fields, such as pulsations or cyclotron frequencies, the observed spectra are generally fitted with nonmagnetic H atmospheres that are well understood. Models to infer the apparent angular emitting area and the surface gravity [28] [29] [30] have resulted in probability distributions of M and R, four of which in globular clusters M13, X7, ω Cen and U24 are shown in Figure 10 of Ref. [16] , courtesy of A. W Steiner. The results are such that wide ranges in M and R values are permitted for each of the four cases considered. 8
Type I X-ray bursts undergoing photospheric radius expansion
Subsequent to accretion, the envelope of a neutron star can become thermally unstable to
He or H ignition which leads to a thermonuclear explosion observed as an x-ray burst with a rapid rise time (∼ 1 s) followed by a cooling stage lasting to ∼ 10-100 s [31] . For sufficiently luminous bursts, the surface layers of the neutron star and the photosphere are driven outward to larger radii by the radiation pressure. The flux at the photosphere can approach or even exceed the Eddington value for which the radiation pressure balances gravity. The bursters EXO 1745-248, 4U 1608-522, 4U 1820-30 and KS 1731 have been modeled in Refs.
[ [32] [33] [34] [35] to infer masses and radii of neutron stars. The key physical parameters of these models are the opacity of the lifted material, the effective blackbody temperature when the lifted material falls down to the surface after expansion (touchdown), the color correction factor that accounts for effects of the atmosphere in distorting the inferred temperature, possible models of atmospheres, and whether or not the photosphere radius is equal to or larger than the radius of the neutron star. The inferred values of radii have ranged from 8-10 km [32] , 11-13 km [33, 34] and in excess of 14 km [35] . The situation is far from settled, although firm beliefs are held by each group of analyzers.
III. NEUTRON STAR STRUCTURE AND THE EQUATION OF STATE
In old and cold neutron stars, matter is in weak-interaction equilibrium and charge neutral. It suffices to choose two independent chemical potentials µ n and µ e to characterize the prevalent conditions (neutrinos with their long mean free paths leave the star; when trapped, their chemical potentials have to be counted). For example, µ n − µ p = µ e = µ µ (energy conservation) and n p = n e + n µ (charge neurtrality) in nucleons only matter, where the subscripts n, p , e and µ denote neutrons, protons, electrons, and muons, respectively.
When other baryons besides nucleons, or mesons or quarks, are present similar relations are straightforwardly deduced (see, e.g., [36] ). With the composition of matter thus determined, the relation between pressure p and energy density , or the equation of state (EOS), can be determined using models of strong interacting matter (not certain yet) and leptons (noninteracting contributions suffice as those from interactions are negligibly small).
In hydrostatic equilibrium, the structure of a spherically symmetric neutron star is de-9 termined by the Tolman-Oppenheimer-Volkov (TOV) equations [8, 9 ] dp(r) dr
where m(r) is the enclosed mass at radius r. The gravitational and baryon masses are given by
where m b is the baryonic mass and n(r) is the baryon number density. With the EOS p = p( ) as input (chiefly from strong interaction theory), the structure of the star is A. What can be said on the basis of masses alone?
The implications of masses in excess of 2 M are illustrated in Fig. 1 where the relation between the maximum mass and the central energy density c (and baryon number density n c ) resulting from various proposed EOS's are shown (cf. Refs. [15, 37] for details). Fig. 1 also shows results from useful schematic EOS's that provide bounds. The most compact and massive configurations are obtained when the low-density EOS is "soft" and the high-density EOS is "stiff" [39, 40] . Using limiting forms in both cases, the maximally compact EOS is therefore given by the pressure (p) vs. energy density ( ) relation
Above, the stiff EOS is at the causal limit as dp/d = (c s /c) 2 = 1, where c s is the adiabatic speed of sound. This EOS has a single parameter 0 and the structure (TOV) equations scale with it according to [41] 
where m is the star's enclosed mass and r its radius. Employing these scaling relations, the compactness ratio (GM max /R max c 2 ) is smallest when [15, 40] where s 150 MeV fm −3 is the energy density at the nuclear saturation density of n 0 = 0.16 fm −3 . If the EOS is deemed known up to 0 ∼ 2 s , the maximally compact EOS yields
The upper limits on the corresponding thermodynamic variables are [15, 40] :
where µ 0 930 MeV is the mass-energy of iron nuclei per baryon in a star with a normal crust. Combining Eqs. (17) and (18), we arrive at the result [15] max ≤ 50.
a relation that enables us to appreciate the impact of the maximum mass of a neutron star on the ultimate energy density of cold observable matter. If the largest measured mass represents the true neutron star maximum mass, it sets upper limits on the central energy density, pressure, baryon number density and chemical potential. In the case of the 1.97
M , these limits turn out to be max < 1.97 GeV fm −3 , p max < 1.32 GeV fm −3 , n max < 1.56 fm −3 , µ max < 2.1 GeV .
Substantial reductions in the energy density and baryon number density occur if a wellmeasured mass exceeds 2.0 M , as illustrated by the case of a 2.4 M in Fig. 1 .
B. Self-bound quark stars
An analysis for the general EOS p = s( − 0 ) can be found in Ref. [37] for various values of s. The case s = 1/3 and 0 = 4B corresponds to the MIT bag model quark matter EOS with B being the bag constant. In this case, maximally compact configurations are characterized by
n s , and
where a value of µ 0 = 930 MeV was used as self-bound quark stars are expected to have a very thin crust (that does not affect M and R significantly) of normal matter. The M max versus c curve for s = 1/3 shown in Fig. 1 lies a factor of ∼ 0.6 below the s = 1 curve.
Effects of adding QCD corrections, finite strange quark mass and CFL gaps makes the EOS more attractive and less compact [15] . Noteworthy is the relatively low value of the baryon chemical potential (1.46 GeV), which calls for non-perturbative treatments of quark matter.
C. Hybrid stars containing quark mater
Recently, Ref. [42] examined hybrid stars assuming a single first-order phase transition between nuclear and quark matter, with a sharp interface between the quark matter core and nuclear matter mantle. To establish generic conditions for stable hybrid stars, the EOS of dense matter was taken to be where NM (p) is the nuclear matter equation of state, ∆ is the discontinuity in energy density at the transition pressure p trans , and c 2 QM is the squared speed of sound of quark matter taken to be constant with density (as in a classical ideal gas) but varied in the range 1/3 (roughly characteristic of perturbative quark matter) to 1 (causal limit). Two illustrative examples for NM (p): a relativistic mean field model labelled NL3 [43] and a non-relativistic potential model labelled HLPS, corresponding to "EoS1" in Ref. [44] are shown in Fig. 2 .
Insofar as HLPS is softer than NL3, these EOS's provide a contrast at low density. The principal finding is that it is possible to get hybrid stars in excess of 2 M for reasonable parameters of the quark matter EOS. The requirements are not-too-high transition density (n ∼ 2n 0 ), low enough energy density discontinuity ∆ < 0. In summary, larger the observed neutron star mass, larger is the challenge for theory to come up with an EOS that can support it. The lower the mass, larger is the challenge to devise a stellar evolutionary scenario to form such a low mass given the current paradigm of core collapse supernovae [16] . Clearly, the maximum and minimum masses of neutron stars are of paramount importance to nuclear/particle theory, astrophysics, and cosmology. Accurately measured masses and radii of several individual neutron stars can uniquely determine the dense matter EOS in a model-independent manner. The method, developed by Lindblom [10] , exploits the one-to-one correspondence between an EOS and the M − R curve generated using the TOV equations, Eq. (13), rewritten as [45, 46] 
where the pressure p(h) -mas-energy density ρ(h) relation constitutes the EOS. Above, the variable h is defined through dh = dp/(p + ρ(p)). The advantages of this reformulation are that the enclosed mass m and radius r are now dependent variables, and h is finite both at the center and surface of the star. The deconstruction procedure begins with a known EOS up to a certain density, taking small increments in mass and radius, and adopting an iterative scheme to reach the new known mass and radius. Alternatively, one can solve Eqs. (23) from the center to the surface with an assumed form of the EOS using a NewtonRaphson scheme to obtain the known mass and radius. The right panel of Fig. 3 shows results of deconstruction (from the latter scheme) when proxy masses and radii are used from the EOS of PAL31 [47] . Both schemes yield results to hundredths of percent accuracy.
The number of simultaneous mass and radius measurements along with their inherent errors will determine the accuracy with which the EOS can be determined. Using the currently available estimates, Steiner et al. [33] have arrived at probability distributions for pressure vs. energy density using the M − R probability distributions through a Bayesian analysis 14 assuming a parametrized EOS. Theory being in place, several acurate measurements offer the promise to pin down the EOS of neutron star matter model-independently.
V. MANY FACETS OF NEUTRON STARS
Pulsar glitches (discontinuous decreases in rotational periods), intermittent X-ray bursts, flares in magnetars with magnetic fields as large as 10 15 G, quasi-periodic oscillations, etc., make neutron stars fascinating objects to study. Multi-wavelength photon observations have shed light on the long-term thermal evolution of neutron stars shedding light on neutrino emitting processes from their constituents. For example, the observed surface temperature (∼ 2×10 6 K) of the 330 year old neutron star in Cassiopeia A has confirmed the occurrence of neutron superfluidity in the dense interiors of neutron stars [48] . The post-accretion thermal radiation (in X-rays) from several neutron stars has not only confirmed the theoretical prediction that neutron stars have crusts, but are also beginning to reveal the elastic and transport properties of crystalline structures in neutron star surfaces. Although much has been learned, several questions remain some of which are mentioned below.
VI. UNRESOLVED ISSUES
Many longstanding questions and new ones raised by recent discoveries require answers.
1. What are the maximum and minimum masses of neutron stars? The former has implications for the minimum mass of a black hole (and the total number of stellarmass black holes in our Universe), the progenitor mass, and the EOS of dense matter.
The minimum mass raises questions about its formation through stellar evolution.
2. What is the radius of a neutron star whose mass is accurately measured? Precise measurements of masses and radii for several individual stars would pin down the EOS without recourse to models.
3. What phases are there in the phase diagram of dense matter at low temperatures?
How do we use neutron star observations to learn about those phases, particularly those containing quark matter?
